The Jeans instability in dense quantum plasmas is investigated by taking into account the Hall term and resistivity in the presence of two-dimensional magnetic fields. The general dispersion relation is presented. The presence of the Hall term introduces a new wave mode which does not exist in the ideal magnetohydrodynamic framework. Two limiting cases with respect to the Hall effect are discussed. The Hall effect is shown to induce a frequency shift but does not change the instability criterion. The resistivity exhibits damping or destabilizing effects on the plasma system under different circumstances. The analytical expressions of the growth/damping rate of Jeans instability are obtained for both the finite and remarkable resistivity cases in the absence of the Hall term. © 2010 American Institute of Physics. ͓doi:10.1063/1.3447871͔
temperature are usually considered as the typical plasma environment in which quantum effects start to play a crucial role. Some dense astrophysical objects, such as the interiors of superdense white dwarfs and the atmospheres of neutron stars, can be considered as typical quantum plasma systems. In such environments, the plasma behaves like a Fermi gas, meaning that the number density of plasmas is governed by the Fermi-Dirac distribution, which differs from the Maxwell-Boltzman distribution. Recently, besides sizeable research on the quantum statistic and quantum tunneling effects ͑represented by the so-called Bohm potential͒ of plasmas, a great deal of interest has been directed to the electron/ positron spin effects. 8 In this brief communication, we focus on the quantum statistic effects and quantum diffraction effects, but disregard the spin effects. We also restrict ourselves to the plasma systems in a dense astrophysical environment. Under this circumstance, the de Broglie wavelength of charge carriers ͓viz., B = ប / ͑mv T ͒, where ប is the Planck constant divided by 2, m is the particle mass, and v T is the thermal velocity͔ is comparable to or greater than the typical interparticle distance d = n −1/3 ͑n is the particle number density͒. The quantum effects are expected to play a significant role in the behavior of charged particles. 9 The dispersion caused by strong density correlations due to quantum fluctuations is important to the investigation of collective modes. Meantime, it is well known that whenever the internal pressure of a gas or plasma cloud is too weak to balance the selfgravitational force of a mass density perturbation, a collapse occurs. The study of such mechanisms was first carried out by Jeans. 10 Since in some astrophysical environments, the electromagnetic and gravitational forces compete so that gravitational effects cannot be ignored, it is necessary to investigate the Jeans instability in quantum plasmas. References 11-13 are examples of some recent works concerning the Jeans instability in quantum plasmas. However, these works deal with ideal quantum magnetohydrodynamic ͑MHD͒ case, where Hall term and resistive are not taken into account. We investigate the Jeans instability in quantum plasmas by taking into account Hall term and resistive effects by using quantum MHD equations. [14] [15] [16] Consider a homogeneous conducting plasma comprised of electrons and singly charged ions with resistivity . The plasma is immersed in a two-dimensional magnetic field B = B 0z ẑ + B 0x x , where ẑ͑x ͒ is the unit vector along z͑x͒ direction. All profiles are assumed to be independent of y. The basic resistive quantum MHD equations are
which is coupled with the Poisson equation for the gravitational potential via ٌ 2 =4G. Here, is the mass density, v is the fluid velocity, p is the pressure, m e͑i͒ is the electron ͑ion͒ mass, e is the magnitude of the electron charge, and G is the gravitational constant. Quantum tunneling effects are included in Eq. ͑2͒ by Bohm potential. Quantum magnetization effect is neglected and the magnetic fields are treated as the classical ones. That is, the spin effects are not considered here. It is reasonable when the magnetic field is not so strong and/or the temperature is high enough, since the electron spin effect ϰ tanh͑ B B / T e ͒ within the single electron fluid model due to the thermodynamic Brillouin distribution is weak, where B = eប / 2m e is the Bohr magneton and T e is the electron temperature in the energy units. 17, 18 Besides, Ohm's law in quantum plasmas is
where J is the current density. This system is closed by an equation of state for the pressure, which is written as ٌp = c s 2 ٌ , where c s = ͑dp / d͒ 1/2 is the speed of sound. For dense plasmas, the Pauli exclusion principle comes into play to make electrons obey Fermi-Dirac statistics rather than Boltzmann-Maxwell. 8 As a result, one finds c s In this equilibrium condition, there is no electric field or free energy due to the gravitation of the fluid. Strictly speaking, the equilibrium cannot be regarded as homogenous. However, the famous Jeans swindle 19, 20 enables one to study local perturbations in a system that is assumed to be homogeneous over several wavelengths of interest. Invoking this physical model, we neglect the zero order gravitational field and therefore regard the equilibrium as "homogeneous." Mathematically, the Jeans swindle is incorporated in our set of equations by modifying Poisson's equation of as ٌ 2 =4G͑ − 0 ͒, where 0 is the equilibrium density. Assuming perturbations in the form ␦ exp͑−it + ik · r͒, where k = k x x + k z ẑ is the wave vector and is the oscillation frequency, we have
͑8͒
After some algebraic manipulation, Eqs. ͑5͒-͑8͒ can be combined to yield the following dispersion relation: We discuss the ideal MHD case first, i.e., = 1 and =−i. Equation ͑9͒ has the following solutions: 
where ⌬ is denoted for ͓k
, and the subscript f͑s͒ stands for "fast" ͑"slow"͒.
For the wave propagating along the direction of the magnetic field, the dispersion equations above are simplified to give the instability criterion as
The classical result is recovered if we neglect the ប-dependent term in the formula above. This conclusion is coincident with that reported in Ref.
11. For the cross-field wave mode, the criterion becomes
Since the term on the left-hand side of the above inequality is proportional to the inverse k 2 , while the tunneling effect becomes important in short wavelength region, this criterion is met only for long wavelength. Now we neglect the resistivity by letting =−i. Dispersion ͑9͒ is reduced to 4 
The formula above has four roots for 2 and one of them is h1 2 = H 2 k 2 . This is a pure mode introduced by the Hall effect and does not exist in the absence of the Hall term. There is no explicit analytical expressions for the other three roots for 2 . So we discuss some limiting cases below. For cross-field wave modes, one gets A =0, H = 0, and Ј = 1. Then the dispersion relation gives an instability criterion identical to Eq. ͑13͒. For the parallel wave modes, a simple case in which Ј Ϸ 1 and A = kV A yields the same instability criterion as Eq. ͑12͒.
Assuming H 2 k 2 Ӷ 2 and = 0 + 1 , 1 Ӷ 0 , where 0 is defined by Eq. ͑11͒, and inserting them into Eq. ͑14͒ to make a harmonic decomposition, we have
͑15͒
The opposite limiting case is H 2 k 2 ӷ 2 . Following the steps described above, Eq. ͑14͒ yields
͑16͒
It is clear that the Hall term induces a shift of the wave frequency in the above two limiting cases. We take one of the four roots for 2 to numerically examine the Hall effect on the dispersion relation by introducing the following dimensionless parameters: normalized wave frequency, ‫ء‬ ϵ / ci ; normalized total sound speed, V ‫ء‬ ϵ kV / ci ; and normalized Alfvén frequency V A ‫ء‬ = kV A / ci . Figure 1 gives the relationship between the square of ‫ء‬ and V A ‫ء‬ and shows that the effect due to the Hall term on the dispersion relation is significant. Figure 2 illustrates the relationship between ‫2ء‬ and V ‫ء‬ when the normalized Alfvén frequency is treated as a parameter. Since the Hall term H is proportional to the Alfvén speed, the Hall effect enhances as V A ‫ء‬ increases, which is confirmed by Fig. 1 . On the other hand, from Fig. 2 we see that the greater V ‫ء‬ is, the fainter the Hall effect is. In the region where V ‫ء‬ is dominant, the impact on the wave frequency induced by V A ‫ء‬ can be neglected, which is confirmed by Fig. 2 . In that figure, the four curves will emerge to one when V ‫ء‬ is great enough. Letting H = 0, the dispersion relation is reduced to 4 
Without any simplification, Eq. ͑17͒ is a quintic equation about the wave frequency and has no straightforward analytical solutions. However, taking some limiting cases into account, the analytical solution of this equation can be derived. First, assuming that the resistivity is small, i.e.,
Clearly, there are no purely oscillatory modes now. The instability growth rate ͑or damping rate͒ is
Here ␥ is the imaginary part of the frequency . We need to inspect the sign of ␥ in order to find out whether the perturbation is damped or the resistivity induces an instability. One finds that when V 2 Ͼ 0, ␥ is always negative, meaning that the resistivity dissipates free energy so that the perturbations are damped. For V 2 Ͻ 0, there are ␥ f Ͻ 0 and ␥ s Ͼ 0. It is noticed from Eq. ͑11͒ that the fast mode is always stable ͑in some extremely special case, 0f =0͒, whereas 0s is always equal to or less than zero. In a word, the fast oscillating mode is now damped with a damping rate ␥ =−␥ f , and for the slow mode ͑we do not consider the case where 0s = 0 for the moment͒, 0s is imaginary and then the growth rate of the instability becomes
As mentioned above, ␥ s is much less than the first term on the right-hand side of the formula above. Concentrating on the unstable mode by ignoring the damping one, one finds
͑21͒
Another extremely special case of interest is k 2 / 0 ӷ , implying that the resistivity is great enough and/or our analysis is concerned with the very short wavelength region where the distribution ប 2 k 2 / 4m e m i becomes significant. Following the steps illustrated above, we obtain
for V 2 Ͼ 0. The real part of above determines the stable oscillation feature of the two wave modes, which propagate along the opposite direction with the same frequency. Furthermore, the two modes are both damped with a damping rate,
.
͑23͒
This damping phenomenon is induced by resistivity. Note that ␥ d is independent of the wave number, the Jeans frequency, and quantum effects. However, these three physical parameters are contained in the stable oscillation term. To obtain Eq. ͑23͒, we have assumed that 0 V A 2 sin 2 / Ӷ kV, namely, ␥ d is much less than kV.
When V 2 Ͻ 0, the dispersion relation goes to
Here ͉V͉ is the absolute value of V. One wave mode has the growth rate,
while the other is damped with the damping rate,
Finally, we numerically investigate resistive effects on the Jeans instability, choosing some typical parameters that are representative of the plasma in the outer region of the crust of a neutron star, where the mass density Ϸ 10 9 kg m −3 . 11 The Jeans instability has a large scale, while the quantum effect represented by the Bohm potential plays a role only for very short wavelengths. Generally, the quantum tunneling effect can be safely ignored in the Jeans scale, whereas the quantum statistical effect still affects the system in large scale. Note that the typical Jeans length is c s / J , and the typical quantum statistical length is c s / . Then we have V 2 Ͼ 0, which implies that the system is gravitational stable in the ideal MHD model. Reference 11 gives the same conclusion and points out that all neutron stars currently observed are safely stabilized against further gravitational collapse by inhomogeneities, since the number density can be as high as 10 36 m −3 and then the Fermi pressure term is huge enough, so that the gravity is well balanced.
In the context of the resistive MHD model, the resistive effects are proven to damp the perturbations ͓see Eq. ͑23͔͒. The typical Jeans time is J ϵ J −1 ϳ 3.9 s. Setting =10 −7 ⍀ m and B = 10 T, we find that the typical damping e-folding time is ϵ ␥ −1 ϳ 0.5 s. Therefore, there is enough time for perturbations to be damped by the resistive effects during the Jeans time. We see that the resistive dissipation has the same order of scale length with the Jeans perturbation. A point should be stressed is that the effective resistivity in a Fermi gas is m ‫ء‬ / nq 2 ͑E F ͒, where m ‫ء‬ is the effective mass, q is the charge, and ͑E F ͒ is the mean relaxing time near the Fermi surface. 
